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ABSTRACT. We construct bounded classical solutions of the Boltzmann equation in the 
whole space without specifying any limit behaviors at the spatial infinity and without as- 
suming the smallness condition on initial data. More precisely, we show that if the initial 
data is non-negative and belongs to a uniformly local Sobolev space in the space variable 
with Maxwellian type decay property in the velocity variable, then the Cauchy problem of 
the Boltzmann equation possesses a unique non-negative local solution in the same func- 
tion space, both for the cutoff and non-cutoff collision cross section with mild singularity. 
The known solutions such as solutions on the torus (space periodic solutions) and in the 
vacuum (solutions vanishing at the spatial infinity), and solutions in the whole space having 
a limit equilibrium state at the spatial infinity are included in our category. 



1. Introduction 
Consider the Boltzmann equation, 
(1.1) ft+v-V x f = Q(f,f), 

where / = f(t,x, v) is the density distribution function of particles with position x G K 3 and 
velocity v G R 3 at time t . The right hand side of dl.lt is given by the Boltzmann bilinear 
collision operator 



Q{gJ) = J R3 J §2 B(v — v*, a) {*«)/(!/) -g(v*)/(v) } 



(lady* 



which is well-defined for suitable functions / and g specified later. Notice that the collision 
operator Q{- , •) acts only on the velocity variable v G R 3 . In the following discussion, we 
will use the c— representation, that is, for a G S 2 , 

, v + v* |v — v*| , v + v* |v — vJ 
v=— + ^o, v, = — —a, 

which give the relations between the pre- and post- collisional velocities. 

It is well known that the Boltzmann equation is a fundamental equation in statistical 
physics. For the mathematical theories on this equation, we refer the readers to lfT0l[TTl[T2l 
[T3]|25], and the references therein also for the physics background. 

In addition to the special bilinear structure of the collision operator, the cross-section 
B(v — v*, c) is a function of only |v — v* | and 9 where 

cos0 = (- -,a), 0<9<-. 

B varies with different physical assumptions on the particle interactions and it plays an 
important role in the well-posedness theory for the Boltzmann equation. In fact, except for 
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the hard sphere model, for most of the other molecular interaction potentials such as the 
inverse power laws, the cross section B(v — v*, cj) has a non-integrable angular singularity. 
For example, if the interaction potential obeys the inverse power law r _ ' p_1 ' for 2 < p < °°, 
where r denotes the distance between two interacting molecules, the cross-section behaves 
like 

B(|v-v»| ) a)~|v-v»rfl- 2 - 2, 1 

with 

-3<y=^— ^<1, 0<s = -^— <1. 
p - 1 p - 1 

As usual, the hard and soft potentials correspond to > 5 and 2 < p < 5 respectively, and 
the Maxwellian potential corresponds to p = 5. 

The main consequence of the non-integrable singularity of B at 9 = is that it makes 
the collision operator Q behave like a pseudo differential operator, as pointed out by many 
authors, e.g. |[2j [TSJ [20j [23] . To avoid this difficulty, Grad [13] introduced an assumption 
to cutoff this singularity. This was a substantial step made in the study of the Boltzmann 
equation (II . lb and is now called Grad's angular cutoff assumption. 

One of the main issues in the study of (11.11 ) is the existence theory of the solutions. Many 
authors have developed various methods for constructing local and global solutions for 
different situations. Among them, the Cauchy problem has been studied most extensively 
for both cutoff and non-cutoff cases. 

An essential observation here is that so far, all solutions for the Cauchy problem have 
been constructed so as to satisfy one of the following three spatial behaviors at infin- 
ity; ^-periodic solutions (solutions on the torus, lfl3l [T4l I2T1D . solutions approaching an 
equilibrium (|4|[3[6][7l[l5][T9][22]) an d solutions approaching (solutions near vacuum, 
|fl][3][9l[l2)). Notice that the solutions constructed in [ 16] are also solutions approaching 
an global equilibrium. 

However, it is natural to wonder if there are any other solutions behaving differently 
at x-infinity. In fact the aim of the present paper is to show that the admissible limit be- 
haviors are not restricted to the above three behaviors. More precisely, we show that the 
Cauchy problem admits a very large solution space which includes not only the solutions 
of the above three types but also the solutions having no specific limit behaviors such that 
almost periodic solutions and perturbative solutions of arbitrary bounded functions which 
are not necessarily equilibrium state. This will be done for both cutoff and non-cutoff cases 
without the smallness condition on initial data. 

The method developed in this paper works for local existence theory. The global exis- 
tence in the same solution space is a big open issue and is our current subject. Also the 
present method works for the Landau equation but since the extension is straightforward, 
the detail is omitted. 

Our assumption on the cross section is as follows. For the non-cutoff case we assume 
as usual that B takes the form 

(1.2) B(v-v*,ff) =*(|v-v*|)fe(cos0), 

in which it contains a kinetic part 

<&(|v-v*|) =<& r (|v-v*|) = |v-v*| y , 
and a factor related to the collision angle with singularity, 

b(co&e) &K9~ 2 ~ 2s when 0^0+, 
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for some constant K > 0. For the cutoff case we assume that b takes the form ( 12.21 or is 
bounded by it. 

In order to introduce our working function spaces, set 

dj? = d?d$, a,j3eN 3 . 

Let 0i = (j>i (x) be a smooth cutoff function 



(1.3) 4>ieq°(R 3 ), o<fr(jc)<i, 0i (x) 



1, |x|<l, 
0, |x|>2. 



Our function space is the uniformly local Sobolev space with respect to the space vari- 
able and the usual Sobolev space with respect to the velocity variable with weight. More 
precisely, let k,£ <E N and W e = (1 + |v| 2 )^ 2 be a weight function. We define 

/Mnn>6\ _ r„ i ii„i|2 



(1.4) H*f(R b ) = {g\\\g\\l k . 



= £ sup / \<j)\(x-a)Wedpg(x,v)\ 2 dxdv < +°o}. 

We will set H^(R 6 ) = H*f(R 6 ). 

The uniformly local Sobolev space was first introduced by Kato in lfl7l as a space of 
functions of x variable, and was used to develop the local existence theory on the quasi- 
linear symmetric hyperbolic systems without specifying the limit behavior at infinity. 

This space could be defined also by the cutoff function <Pr(x) — <p(x/R) for any R > 0, 
but the choice of R is not a matter. Indeed let R > 1 . Then we see that 

\\g\\ H u (K6) < V sup / \(j) R {x-a)W(d^g(x 7 v)\ 2 dxdv 

- L E sup \(pi(x -a- j)W e dpg(x,v)\ 2 dxdv 

\a+p\<k jeZ 3 ,\j\<R"&VL 3jR 

<CR 3 \\g\\ H u m . 

The case < R < 1 can be proved similarly. In the sequel, therefore, we fix R = I. 

This space shares many important properties with the usual Sobolev space such as the 
Sobolev embedding and hence it is contained in the space of bounded functions if k > 3. 
An important difference from the usual Sobolev space is that no limit property is specified 
at x- infinity for the space ( 11.41 ). 

We shall consider the solutions satisfying the Maxwellian type exponential decay in the 
velocity variable. More precisely, set (v) = (1 + jv) 2 ) 1 / 2 . For igN, our function space of 
initial data will be 

4(K 6 ) = {§ e ^Xv); 3 Po > s.t. eP^>\ e ff£(R« v )}, 

while the function space of solutions will be, for T > 0, 

^•([0,71 xR'v) = {/ec ([o,r];£?'(R6 v ));3p>o 

sa.ePM 1 feC?([Q 1 T];H* I (B* tV ))}. 

Our main result is stated as follows. 

Theorem 1.1. Assume that the cross section B takes the form M.2\ with < s < 1/2, 
7 > —3 /2 and 2s + y < 1. If the initial data /o is non-negative and belongs to the function 
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space <?q°(IR 6 ) for some Icq £ N,ko > 4, then, there exists T t > such that the Cauchy 
problem 

(1.5) ( /r + v-y-fiCAA 

L /|f=0 =/o, 

admits a non-negative unique solution in the function space <ff k °{\fd, T*] x M 6 ). 

Remark 1.2. For f/ie cutoff case, if J > —3/2, f/ie rarae theorem and the same proof are 
valid because our assumption is that the cross-section b is given by ( 12.2b or is bounded by 
it. In the sequel, therefore, we consider the non-cutoff case only. 

Before closing this section we give some comparison of this paper and our recent paper 
0. First, we shall compare the existence results. Both papers solve the same modified 
Cauchy problem ( 12. U . Thus, we shall compare Theorem 12. II of this paper and Theorem 
4.1 of 0. 

The solution space in 1 3 1 is the usual weighted Sobolev space H% (M% ,, ) , so that Theorem 
4.1 of gives solutions vanishing at x-infinity (solutions near vacuum). And it is easy 
to see that even if the space is replaced by ff?(T^ xl'), the proof of [3| is still valid and 
gives rise to jc-periodic solutions (solutions on torus). The same space was used also in 
fl4l . On the other hand, it is clear that the space H*f(R 6 ) defined by ( fTH l. the locally 
uniform Sobolev space with respect to ^-variables, contains, as its subset, not only the 
spaces Hp(R 6 ) and //|(T 3 x M 3 ) but also the set of functions having the form G = H + 
H l l 2 g. If jU is a global Maxwellian, then we have well-known perturbative solutions of 
equilibrium as in |5]|6]|Z]|22], but more generally G can be any bounded functions. Hence, 
Theorem l2. 1 1 gives, for example, almost periodic solutions, solutions having different limits 
at x- infinity like shock profile solutions which attain different equilibrium at the right and 
left infinity, and bounded solution behaving in more general way at jc-infinity. Thus the 
present paper extends extensively the function space of admissible solutions. This is an 
essential difference between the two papers. 

Another big difference is the collision cross section. The present paper deals with the 
original kinetic factor <f>(z) = \z\J without regularizing the singularity at z = whereas 
considers only a regularized one of the form <t>(z) = (1 + | v | 2 ) . This regulariza- 
tion simplifies drastically the estimates of collision operator Q. For example the proof of 
Proposition 4.4 with non-regularized kinetic factor is far more subtle than (2.1.2) of 0. 
Also the case y < should be handled separately from the case y > if the kinetic factor 
is not regularized, and the range of admissible values of y is restricted in this paper. 

The rest of this paper is organized as follows. In the next section we first rewrite 
the Cauchy problem (11.5b by the one involving the wight function of the time-dependent 
Maxwellian type and approximate it by introducing the cutoff cross section. After es- 
tablishing the upper bounds of the cutoff collision operator, we introduce linear iterative 
Cauchy problems and show that the iterative solutions converge to the solutions to the cut- 
off Cauchy problem. In Section 3 we derive the a priori estimates satisfied by the solutions 
to the cutoff Cauchy problem uniformly with respect to the cutoff parameter. The estimates 
thus obtained are enough to conclude the local existence and hence to lead to Theorem ll.il 
The last section is devoted to the proof of Lemma [331 which is essential for the uniform 
estimate established in Section 3. 

2. Construction of Approximate Solutions 



As will be seen later (Lemma 12.21 and Theorem 14.41 ). the non-linear collision operator 
induces a weight loss, which implies that it cannot be Lipschitz continuous so that the usual 
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iteration procedure is not valid for constructing local solutions. This difficulty can be over- 
come, however, by introducing weight functions in v of time-dependent Maxwellian type, 
developed previously in [3 23j [24) . Indeed it compensates the weight loss by producing 
an extra gain term of one order higher weight in the velocity variable at the expense of the 
loss of the decay order of the time dependent Maxwellian-type weight. 

2.1. Modified Cauchy Problem. More precisely, we set, for any K,p > 0, 

T = p/(2K), 

and put 
and 

/ = ll K {t)g, I*(g,g) = ^l K (t)- l Q{ii K {t)g, pi K {t)g) 
for t £ [0, 7b]. Then the Cauchy problem ( 11.5b is reduced to 

' ft + V-Vrf +K(l + \v\ 2 )g = P(g,g), 
g\t=0=gQ- 



(2.1) 
Define 



^(]0,T[xR 6 )) = {g|||g||^ (]0|r[xR6)) 

= y\ sup / \<j>o(x — a)W(dog(x,v)\ 2 dtdxdv < +°°}. 

Our existence theorem can be stated as follows 

Theorem 2.1. Assume that < s < 1/2, y > — 3/2 and 2s + y < 1. Let K.p > and let 
go G 77*; (R 6 ), go > 0/or some £ > 4 ant/ £ > 3. 77ien there exists T t s]0, 7b] smc/z f/zaf f/ie 



Cauchy problem ( 12.71 ) admits a unique non-negative solution satisfying 

geC°([0,7;]; 77 M Y(K 6 ))n (]0, ^[xM 6 )) . 

The strategy of proof is in the same spirit as in O. That is, first, approximate the non- 
cutoff cross-section by a family of cutoff cross-sections and construct the corresponding 
solutions by a sequence of iterative linear equations. Then the existence of solutions to 
these approximate linear equations and by obtaining a uniform estimate on these solutions 
with respect to the cutoff parameter in the uniformly local Sobolev space, the compactness 
argument will lead to the convergence of the approximate solutions to the desired solution 
for the original problem. 

2.2. Cutoff Approximation. Recall that the cross-section takes the form ( 11.2b . For < 

£ < < 1, we approximate (cutoff) the cross-section by 

b(cos0), if |d| > 2e, 
fc(cose), if |0| <2e. 

Denote the corresponding cutoff cross-section by B £ = <f>( v — v* )b £ (cos 9 ) and the collision 
operator by T^g, g). We shall establish a upper weighted estimate on the cutoff collision 
operator in the uniformly local Sobolev space 77*; (]R 6 ). 

Lemma 2.2. Let y > —3/2.Thenfor any e > 0, k > 4, 1 > 0, and for any U,V belonging 
toH*f{R 6 ), it holds that 

r< £ (U,V)£H k J(R 6 ) 



(2.2) £ £ (cos0) 
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with 
(23) 



\K(u,v)\\ Hk , r{R6) <c\\u\\ HU+Y+ 



^ m6 ,, <t< T o, 



for some C > depending on £, k, I as well as p, K. 



Proof. First, for simplicity of notations, denote fi K (t) by fj,(t) without any confusion. By 
using the collisional energy conservation, 



|v / J 2 + |v'| 2 = |yJ 2 + |v| 2 , 



we have ji*(t) = fi l (t) ^(t) ^'(t). Then for suitable functions U,V, it holds that 

r' £ (u,v)(v) 



H \t,v) 



xS; 



B e (v-v*, o)(ti(t)uy(t)V' - n*(t)U*n(t)V)dv*do 



(2.4) 



B £ (v - v„ a)ii*(t) (UiV' ~ U*V)dv*dc 



= # s {U,V,ii(t)). 

Then we have by the Leibniz formula in the x variable and by the translation invariance 
property in the v variable that for any a, j3 £ N 3 , 

d$p e (u, v)= £ c^^kWpdpu, dpapv, apn{t))- 

<Xi+tX2=a; 

Next, recall the cutoff function tj)\ in dl.3l ) and set ^(jc) = <j>i(x/2), that is, 

«fc£qr(M 3 ), o<^(*)<i, fcw = {j; j^j>4; 

Since (j>i (x — a) = 0i (x — a)^2.(x — a) holds, we see that for a £ K 3 , 
h{x-a)dflT* e {U, V) 

ai+ai=a; 

To prove ( 12.6b , put 

Si = <j> l (x-a)d£u, h 2 = <h{x-a)dgV, m(t) =df*fl(t), 

Throughout this section, we often use the estimates 

H(f,v), \n 3 (t)\ = \dpn(t,v)\<C p>k e-P^ 2 /\ f£[0,r ], v£R 3 . 
We compute 3? e + as follows. 

We 



\W t 0?\<C \v-v*\r\fi 3 (t,v*)\ 



(w e y t (w e ) 



7 \(W(gi)'MWeh 2 y\dv,da 



<c 



<c 



jj \v-v.\ 2r \lh(t,v.)(' 



dvi.dc 



1/2 



|(Wtei)t0W| 2 dv,da 



1/2 



W2y|(W« 1 )l(W^ 2 )'| 2 dv^a 



1/2 
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where we have used 

W, 



< 1 



which comes from the energy conservation, and an elementary inequality 

(2.5) Jj |v-v*| r | J u 3 (f,v*)| I iv H ,d/c7 

<cjj\v- v^e-P^ 2 ^dv, < C{ V y, 7 > -3, 

with some p > 0. Since the change of variables 

(v,v*,(7) {v',v'„,o'), a' = (v-v*)/|v-v*|, 
has a unit Jacobian, and since W r < (Wy+)^(Wy+)' holds, we get 

\\W e .% + \\ 2 L2(R6) <cjjjj \(W e+r + gl )i(W e+r +h 2 y\ 2 dv*dodvdx 

<C j W^gif^^W^hif^^dx. 

If | (Xi + j3i | < 2, by virtue of the Sobolev embedding and by the assumption k > 4, we have 

II^^£ + IIl2(r6) < C\\We+ Y ^gi\\L-(Rl-LH^))\\We +Y ^h 2 \\ L 2 (M 6^ 

< C||0i (x - a)W e+r + d^UW^ji) \\fa{x - a)W e+y+ df\ || L 2 (K 6 v) . 

Taking the supremum of both sides with respect to a E M? and since <j>\ and <j>2 define the 
equivalent norms, we have 

H^ + lltf«V) ^ C ll f/ H // M^ (M 6 ) ll y ll^ + r+ (K 6 ) - 

The computation is similar when 0C2 + $2 | > 2 for which |ai+j3i| <k — 1 0C2 + 1 <k — 3. 
Also, the the estimate of &f can be done similarly but more straightforwardly. This 
completes the proof of the lemma. In the below we will use the following estimates which 
comes directly from the above proof. □ 

Lemma 2.3. Let 7 > -3/2.Then for any e > 0, k > 4, / > 0, and for any U,V belonging 
to H k J '(R 6 ), it holds that 

(2.6) (x - a)W t d$?t (U, V)\\ L 2 {R6) 

< C£ (||^ (x - a)W e+r ,d£u\\ Hm) \\<h(x - a)W e+r ,d£v\\ 
+ || 0, (x - a)W e+r ,dgU\\ L2m \Mx - a)W( +r +d£v\\ Hm) ) . 
for some C > depending on e,k,£as well as p, K. 

We now study the following Cauchy problem for the cutoff Boltzmann equation 



(2.7) 



8t + v-V x g + K(v) 2 g = r t e {g,g), 

g\t=0=gO, 



for which we shall obtain uniform estimates in weighted Sobolev spaces. We first prove 
the existence of weak solutions. 
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Theorem 2.4. Assume that -3/2 < y< 1. Let k > 4, / > 0, £ > and D Q > 0. Then, there 
exists T £ g]0, To] such that for any initial data go satisfying 



(2.8) 



80 H k,t 



<D Q , 



the Cauchy problem A2.7j admits a unique solution g £ having the property 

g * e c°(]o,r e [; H k /(m 6 )), g > o, \\g £ \\ W[ , Htfm} < 2D . 

Moreover, this solution enjoys a moment gain in the sense that 

g e £ ^+\]0,T e [x(R 6 )). 

Remark2.5. (1) Notice that we do not assume go £ +1 (ffi. 6 ). The moment gain will be 
essentially used below to control the weight loss of the collision operator shown in Lemma 

m 

(2) The regularity of g £ with respect to t variable follows directly from the equation 



Proof of Theorem \2^4\ We prove the existence of non-negative solutions by successive ap- 
proximation that preserves the non-negativity, which is defined by using the usual splitting 
of the collision operator (12.41 i into the gain (+) and loss (-) terms, 

t 4 e + (g,h)= I B e {v-v^o)ll*{t)g',h'dv*do, 

JjR 3 vt x$ 2 a 

Y*f(g,h)=hL e (g), 

L s(g) = // Be( v - v *> o)jx(t,v if )g if dv if do. 

Evidently, Lemma l2~2l applies to r^' , and in view of ( 12.5b . the linear operator L £ satisfies 



(2.9) 



\d$L e (g)(t,x,v)\<C £ / \v-v^\(d p ^)(t,v*)\ \(dfe)(t,x,v.)\d V * 



<C 



\v-v^e-P^ 2 l A dv> 



1/2 



(<g)(f,x,y*)| 2 rfv 4 



1/2 



<c{vY\\d? g \\ mmv te[o,T ], 



for a constant C > depending on e. 

We now define a sequence of approximate solutions {g"} n efi by 

g° = go; 

^«+i +v .V^"+ 1 + f c(|v|)V +1 

= ^e + (g",g n )~^(g",g n+l ), 

g" +l \t=o = go. 
Actually, in view of j2.9\ we can consider the mild form 

f +i (t, X ,v)=e-^ 2 '- v "^go(x-tv,v) 



(2.10) 



(2.11) 



where 



V 



r(|v|> 2 ( f -*)-nM)rJ,+ (g » j ^ ) ( ij ,_(,_ j)VjV)<iSj 
»{t,s)= J\ e (g n ){s,x-{t-s)v,v)ds. 
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We shall first notice that ( 12.1 U defines well an approximate sequence of solutions. In 
fact, it follows from Lemma l2~2l that if 



(2.12) g eH^f(R 6 ), g >0, 
EreL-Q0,T[iH%(R 6 )), g">0, 

for any T e]0, Tq[, then the mild form d2.1 It determines g' 1+l in the function class 

(2.13) g n+l er°(]o,r[; //,y- r+ (R 6 )), > 0, 

and solves ( 12.101 ). Thus g" +l exists and is non-negative. However, it appears to have a loss 
of weight in the velocity variable. We shall now show that the term K(v) 2 g" +1 in (12.10b 
not only recovers this weight loss but also creates higher moments. To see this, introduce 
the space and norm defined by 

Y=L°°(]Q,T[, H k u f(R 6 ))n^ u+l (}0,T[xR 6 ), 

WsWy = ^^ L -Qo,T[-H^f(s.6)) + K 'll^ll 2 4'*.'+ 1 (]o ! r[xR 6 ) ■ 

Lemma 2.6. Assume that —3/2 < y < 1 and let k > 4,1 > 0,e > 0. Then, there exist 
positive numbers C\,C% such that if p > 0, K > and if go and g" satisfy d2.121 > with some 
T < 7b, the function g n+l given by (12. 1U enjoys the properties 



EY 



C 2 4 

\r<e^ 1 " \ \\gf)\\ H kj {R(l) + —\\8 H^Qcr^/fRS)) 
where K n is a positive constant depending on (^"II^qq r j. //*. f (jj6)) aw< ^ 
Proo/ Put 

(2.14) h^faix-^Wtdjfg". 

Differentiate (12.10b with respect to x, v and multiply by <$>\ (x — a) to deduce 

d t hf x + v ■ V x h} +1 + K{v) 2 h n + l =G+-Gi+G 2 +G 3 , 
Gl = <l> 1 (x-a)WedjfI 4 i + ( g ",g% 
Gr = <j> 1 (x-a)W e d^f(g n , g" +l ), 
G 2 = -WzMx-a)d fS , vV x ]d a g" + \ 



G 3 = -m I C pi ^(x-a)(dp,(v) 2 )d^_ pi g' 



n+l 



|/3'|=1,2 

Let ^ G Cq (M 3 ), ; £ N, be the cutoff functions 

* (v)= {5; Mij'+i. 

Let Sn(D x ) be a mollifier definded by the Fourier multiplier 

S^l) =2-^(2-^), S(|)e^(R 3 ), S(|) = l (|£| <1), =0 (|4| >1). 
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We remark that ( 12. 1 3b does not necessarily imply h^t\ (t) £ L 2 (R 6 ), but Xjh n e +\ ( f ) does for 
all j G N. Hence, we can use xjSf/{Dx)h" as a test function to get 

(2.15) ^ll^C^^fl' + ^II^Z),)^^ 2 

= (G+ - G\ + G 2 + G 3 , 5 N (D A -) 2 Z^ ,+1 )• 

Here and in what follows, the norm | | and inner product ( , ) are those of L 2 (M^ V ) unless 
otherwise stated. We shall evaluate the inner products on the right hand side. Observe that 
Lemma l2~3l gives, forf € [0,T], since y < 1 is assumed, and putting h" = §2{x — a)Widpg", 



<2 v 2,n+l- 



(S NX jW^Gt,S NXj h n +l) 
^C||W_ 1 G+||||5^+ 1 || 
<C\\h»_ 1+r ,\\ W~hU +r , 



n\\2 



<C\\g n \\ 



n+l\ 



<-ll ? "ll 4 , 



'4 PnZM+i 



n+l ||2 



2 „,2.n+l- 



(GiXXjh 1 



(S N ZjW-iGi ,S N Xjh n +[) 
+ i 



<C\\W^\\\\S N Xjh n e +l 
<C\\h" e _ 1+r ,\\ H^+V^ll \\SNXjW M h" e tl\\ 

<c\\g n \\^- 1+r , {K6) \\g n+l \\^- 1+ ^ tm js N XjW w h^ 



l e+i I 



< 



«i|2 



,11?' 



«+l||2 



■\\S NX jW l+1 h 



n+l||2 

e+i\\ ■ 



Here C is a positive constants independent of K, and we have used 

\m<c\\ 8 i H , >6y 

and similarly for h". The estimation on the remaining two inner products are more straight- 
forward and can be given as follows. With some abuse of notation, 

|G 2 | < |v|Wf|V»fr (*-«)) | \U^~^g n+l \ + ^{x-a)W m \d^lg" +i \ 

where 77^3 = for j3 = and = 1 for |j8| > l,while 

m<KCWt £ ^(x- fl )(|v| + l)|«9^" +1 |. 
|J3'|=1,2 

Therefore we get 

(G 2 + G^S 2 N x]h n e +l )\ = |w_i(G 2 + G 3 ),4z ; 2 Wi^ +1 ; 
< C||W_i(G2 + G3) || |fe y ^+ 1 1| 
<C(l + J c)||g"+\ t 



<^HI, 



n+l i|2 



^\\s NXj h«X{f. 



The constants C' are independent of £ and K. 
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Putting together all the estimates obtained above in ( 12.15b yields 

j t \\S N XjhT l f + A\SNXjht\\\ 2 



The constants C,C" are independent of e and K. Integrate this over [0,f] to deduce 

\\S N Xjh} +l {t)\\ 2 +K^ \\S N Xjh"+\{T)\\ 2 dT 

< ll^y^ +1 (0) II 2 + ^ H^ 1 (t) |[^ (R6 ^T + % ^ |[^ (k6) ^t. 

where 

and C\ > is a constant independent of e, K while C2 is independent of K but depends on 
e. It is easy to see that we can now take the limit N — > °° and j — > °o, which results in 



\\h"+\t)\\ 2 + Kj\\h"+{(T)\\ 2 dT 



< ||*rHo)ll 2 +CA jT II^WII^t+I ||«-(t)||^^t. 

Sum up this for |a + /3| < A; (see ( 12.141 )) and take the speremum of the left hand side with 
respect to a e M? . Knowing that the right hand side is independent of a,/3 and also of 
a € M 3 , we have 

ll£" +1 (0II^M (R 6) + ' c ll£" +1 || 2 ^«+ 1 (]0.;[xR'>) 

The Gronwall inequality then gives 

(2.16) ll^ +1 (r)||^ (R6) + 'c||^ +, |lW.(]o,[xR6) 



"H^m K Jo "° v "'K, 

for all t e [0,7]. 

Now the proof of Lemma l2~6l is completed. □ 

We are now ready to prove the convergence of {g n } n eN- Fix K > 0. Let Do, go be as in 
Theorem l2.4l and introduce an induction hypothesis 

(2.17) ||^|| LOO(]OT[;<(R6)) <2Do. 

for some T e]0,7b]. Notice that the factor 2 can be any number > 1. 

( 12. 171 ) is true for n = due to ( 12.81 ). Suppose that this is true for some n > 0. We shall 
determine T independent of n. A possible choice is given by 

I^C 1 
e ClK ° T = 2, -TDq = 1 where Kq = -(2D + (1 + k) 2 ) 



(2.18) r = min 



J log2 K 
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In fact, ( 12.161 1 and ( 12.171 ) imply that g n+1 e Y and 

\\g n+ %*f m < eClK ° T (ko\\ 2 H kj m + % T \\s%~ (m;H *f 

<e c ^ T (Dl + ^T2 A Di) <4D 2 . 

That is, the induction hypothesis ( 12.171 ) is fulfilled for n + 1, and hence holds for all n. 
For the convergence, set w" — g"(t) — g n ~ l {t), for which (12.101 ) leads to 

d,w n+l + v v x w n+l + k-(M)V ,+1 = r' £ + (w", g n ) 

+T' e + {g n -\ w n )-I*f(w n , g n+v )~T'f{g n -\ w" +1 ), 

w" +1 | (= o=0. 
By the same computation as in ( 12. 15b , we get 

| «+1 1 2 ^ „C[KqT }_f ( II „«+l ||2 , || „n||2 

+ \\g llL~(]0,r[;i?*/(R 6 ))}" W "L°°(]o,r[;//*/(K 6 ))' 
with the same constants Ci,C2 and Kq as above. Then, ( 12.171 ) and ( 12.18b give 

Finally, choose T smaller if necessary so that 

2 4 C 2 D§JC- 1 T<-. 
Then, we have proved that for any n > 1 , 

(2-19) \\ g n+l_ g n\\ Y <}_\\ g n_ g n-^^ 

Consequently, {g"} is a convergence sequence in Y, and the limit 

g £ eY, 

is therefore a non-negative solution of the Cauchy problem ( 12.71 ). The estimate ( 12.191 ) also 
implies the uniqueness of solutions. 

By means of the mild form ( 12.111 ), it can be proved also that for each «, 

«-ec°([o,r];H^(R 6 )) 

and hence so is the limit g £ . The non-negativity of g £ follows because g" > 0. Now the 
proof of Theorem l2.4l is completed. 

3. Uniform Estimate 

We now prove the convergence of approximation sequence {g £ } as e — > 0. The first step 
is to prove the uniform boundedness of this approximation sequence. Below, the constant 
C are various constants independent of e > 0. 

Theorem 3.1. Assume that < s < 1, y> -3/2, y+2s < 1. Let go E ff*/(R 6 ),g > 
for some k > 4, I > 3. Then there exists s]0, 7b] depending on \\go\\ M: ,„(,-, but not on £ 
such that if for some < T < 7q , 

(3.1) g e ec°(]o,r]; ff^(R 6 ))n^r w+1 (]0,7'[xM 6 ) 
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is a non-negative solution of the Cauchy problem A2.7\l and if T„ = min{r, T*}, then it 
holds that 

(3-2) ll^ e |lL~(]0,r„[;^(K6))^ 2 ll^ll H W(K6)- 

Remark 3.2. The case < T gives a uniform estimate of local solutions on the fixed 
time interval [0, T*\ while the case T < 7i gives an a priori estimate on the existence time 
interval [0, T] of local solutions. The latter is used for the continuation argument of local 
solutions, in Subsection 4.4 below. 

In the following, p > 0, K > are fixed. Furthermore, recall Tq = p/(2K). We start 
with a solution g £ subject to (13. U for some T £ ]0, To]. Put 

(3.3) = (j> l (x-a)W e d^g e 

and take the L 2 inner product of it and the equation for it. As before || || and ( , ) stand for 
theL 2 (R 6 ) norm and inner product respectively unless otherwise stated. Then we have 

(3-4) ~K P \\ 2 + ^f = {S,hf), 

where 

S = 0! (x - a)W^T{g £ ,g £ ) - [</>! (x - a)W e d« , v • V x ]g £ - jr[fc (x - a)W t d$ , {v) 2 ]g £ 
= S] +S 2 + E 3 . 

We shall derive the estimates 

Lemma 3.3. Assume that < s < 1/2, y > — 3/2, 7+ 2s < 1. TTzen, 

|(S 1; /^)|<C%f||^ ^ ||<f'||, 
|a'+j3'|<£ 

|(S 2 +S 3 ,^)| < C(l + K+ 11^11^(^)11^11^6)11^11- 
This lemma will be proved in Section 4. Now we have 

\(E,h^)\ <C((l + K) 2 +||/||^ f {R6) )\\g%, f( R6) + p I ||<f || 2 

whence (13.4b yields 

|||/r(0l| 2 + 2K||^|| 2 <^((l + ^ + ||/||^ , f(K6) )ll/ll^, (K6) + ^ I ||<f'|| 2 , 

* "' 1 ' "' v ; K \a'+P'\<k 

and after integrating over ]0,f [, 

\\hf{t)\\ 2 + Kjjh^{T)\\ 2 dX 

< ii^w u 2 >6) + 1 jf (d + k) 2 + 11/ (t) n^ (R6) ) mm 2 H u m di 

+ti e rn<f'(T)n 2 ^. 

" |a'+0'|<jr° 
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Take the spremum with respect to a € M? (see (13.3I >) and sum up over a + j5 \ <kto deduce 
that 

-ef t \u2 i „||„e||2 

Then the Gronwall type inequality gives for C K = Cj K, 

£ \\8o\\1,u /m6 , eCKt 



k e (t)\\U^ < 



l_(^-l)||so|| 2 , 
H lll 

as long as the denominator remains positive. We choose T t > small enough such that 

e C K T, 

Then 

n = ^iogfi- 3 



°V l+4|bl| 2 , iV 



is independent of £ > 0, but depends on Hgoll^^/^ an( l tne constant C which depends on 
p,K,k and /. Now we have ( 13.21 i for r« = min(r, 7i). 
From (13.2b and (13.4b . we get also, for jc > 0, 

^•||^H 2 ^,^ 1(] o,^[xM 6 ) < 2 H^||^ /(M6) (l +2C7^(1 +211^011^,,^^)) - 

We have proved Theorem l3.ll 

Combine Theorems 12.41 and 13.11 and use the compactness argument as in Section 4.4 
of 0, to conclude the existence part of Theorem 12. II The uniqueness part comes from 
Theorem 4.1 of O. Now the main theorem [TTT] is proved by the help of Theorem 12. 11 in 
the same manner as in Section 4.5 of [3 1. 

4. Proof of Lemma[33] 

In the sequel, the notation A < B means that there is a constant C independent of A,B 
such that A < CB, and similarly for A > B. We start with 

4.1. EsimateofEi. Notice that 



"1 — 



^{x-a)Wtd$V{g e ,g e 



a\+ai=a 



Put 



and write 



F = (j>2(x-a)d^g e , G = (j> l (x-a)d£g e , M = dp } ^ 1 



We& e (F,G,M) = W e Q(MF,G)+We [ f B(M* -M^Ffi 'dv*da 

JjS?x§ 2 

= Ai+A 2 . 

Estimate of A x : 
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(1) The case a x = a, jSi = /3: Notice that then a 2 = j3 2 = j3 3 = 0. Write 

A ! = Q(MF, W e G) + [W f Q{MF, G) - Q(MF, W e G)} =A W +A n . 
Here, F = fa(x- a)g £ , W e G = h"' P , and M = jt. We start with 
Lemma 4.1. It holds that 

{A w ,h^) = ~D+A m 

where 

(4.5) D = JJJJ R 9 s2 B (^ F )*(( h ')T f> ~ h T p ) 2dxdvdv * da > 

while A ioi enjoys the estimate that for < s < I and — 3/2 < y < 1, and for any k>2 and 
£>l, 



|Aioi|<l!/||^ /(R6) ||/Cll- 



Proo/ Put#=/$ ,/J . Then, 



(A w ,h"- p ) = (Q(nF,W e G),H) = (Q(vF,H),H) 
B(uF)*H(H' - H)dxdvdv*d(J 

<>xS 2 

i B(jiF)*(H' - H) 2 dxdvdv*do 
B(nF)*[(H') 2 - {H) 2 ]dxdvdv*do 



1 

2JJJJm?x& 
1 

2 JJJJr<>x§ 2 ~ 
= -^D+A m . 

Thanks to the cancellation lemma in (2) we get with S(z) < \z\ r for the inverse power 
potential , 

\Aioi\< [[ \flF(v*)\\S(v*)* v H 2 \dv*dx. 
JJm 6 

Since 

(4.6) £jv-v,|''(MF)^.<(v)''||F|| z? 
holds true for y > — 3 /2, we now have 

|Aioi|< [jF\\i2\\H\\i2\\H\\Lldx< 11^11^(^11^11 ||W r ff|| 
Hence since y < 1 is assumed, we get 

|Aioi| < llfc^-fl^'llflacBl^)^!! ||0 < 11^11^^,11^11, 
which proves the lemma. □ 

The estimate of An is stated as follows. 
Lemma 4.2. Let < s < 1 and -5/2 < y < 1. 77zen, fork>0J> 2, 



{A n ,hf) L , m < ID + CII^H^^II^II, 
where D is defined by i4.5\ . 



1 



16 



R. ALEXANDRE, Y. M0R1M0T0, S. UKAI, C.-J. XU, AND T. YANG 



Proof. With W e G = h"' P = H, 

(W e Q{MF, G) - Q(MF, W ( G), H) 

B(W( - W e ){jxF) if GH l dvdv if do 



'xC 2 



R 6 xS 2 



B(W[ ~ Wi)(flF)*GHdvdv*do 



'XS 2 



B(W( - We)(nF)*G(H' - H)dvdv*da 



= Ki+K 2 . 

For K\ , we use the Taylor formula of second order 

-l 



®2 



and write K\ = K\i+K\ 2 in terms of this decomposition. Note that 

✓ _ v =J^(a-(Jt.a)jfc) + J^(Jt.a-l)Jt, 



where k — (v — v*)/|v — v*|. Then, since it follows from the symmetry that the integral 
corresponding to the first term vanishes, we have, using ( 14.61 ). 



K 



i,U= jjj &(cos0)|v- v*\ r+l (1 - cos 0) (v(W e ) ■ k) (llF) t GHdvdv t da 

~J{f \ v - v *\ 7+l (L LF )* dv *}\ w ?-i GH \ dv 

< \\F\\q J W e+r \GH\dv 

< WFWqWWlPWlsWWyHWq. 

Next, let t > 2. Then, since the energy conservation property \v\ 2 + \v*\ 2 = \v'\ 2 + \v[ 
implies 

|(V 2 W £ )(v T )| < Wt- 2 +Wt-2 < {W e - 2 )*+Wi- 2 < (W t - 2 )*W t -2, 
and again using d4.61 >. we get 

|^l,2 1 < JJJ b(cos9)9 2 \v - v t \V +2 ((Wi- 2 )*W e -2)(LlF)*GHdvdv lf d<j 

< J {J \v- v^ +2 {W t -2llF)*dv^\W^ 2 GH\dv 

< \\F\\ L 2 J W e+r \GH\dv 

SWFWqWtPWqWWjHWq. 

Thus, by a similar computation of Aioi, we conclude 



\Ki\dx< J \K n \dx + J \K n \dx 

<\\F\y M) \\W e G\\ \\W r H\\ < \\g% k4 
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We shall estimate K 2 . By the Cauchy-Schwarz inequality and again by ( 14.61 ). 

(f\K 2 \dx) 2 < [[[ B(uF)*\H' -H\ 2 dvd\\dadx 
J JJJr 6 xS 2 

B(Wl - Wt) 2 {jxF) t G 2 dvd Vlf dadx 

5 xS 2 

<d( fff b{cos9)9 2 \v-v lf \ r+2 {W 2 _ l !iF)*(Wt- 1 G) 2 dvdv*dedx) 



Z D J (J Ri |v-v*r +2 (Wf_iMf)*^)(Wf_ 1 G) 2 rfvrfjc) 
ZD\\F\\H}{il)\\WeG\\ \\W e+Y G\\ 

where D is as in j4.51 >. We now obtain 

j |^Mx<iD + C||/||^ (R6) ||^||. 
This ends the proof of the lemma. □ 
Estimate of A\ continued: (2) The case \d\ + ]8i| < k- 1. We shall establish 

Lemma 4.3. Let < s < 1/2 and y > max{-3, -2s - 3/2}. Then, for £:>4,^>0 and 
for\a x +^\<k-\, 

\(M,hf)\<\\g% k>e \\tf£\\. 

"ill 

The proof is based on the following upper bound estimate of Q established in Proposi- 
tion 2.9 of 0. 

Proposition 4.4. Let < s < 1 and y > max{— 3, — 2s — 3/2}. Then for any lei and 

m G [s — l,s], 

[Q(f,g),h) ^ (ll/llzl , + ll/lltf) \\g\\„m !a { s+m ,(2,-l + e)+}\\ h \\H s -, m > 

V /Z "V V ( + + (7+2.!)+ / H l>+ + (y +2s )+ ~ l 

for any £ > 0. 
Admit this and put 

F = <j> 2 (x-a)d£g £ , G = (h(x-a)d£g e , M = d p ^. 

Recall the norm and inner product of L 2 (R 6 ) are denoted by 1 1 | and ( , ) respectively. Use 
the above theorem for m = s and a = I — 1 to deduce 

\{A u hf)\ = \W ( Q{MF,G),hf)\ 

l> +\\MF\\ L 2 )\\G\\ H 2s jWthfiy dx 

f-i+(r+2i)+ '- 2 / e-i+(y+2s)+ -m 

II^IL?ll G ll//f(M3)ll /l "+ / illL? t/x 

where y+2s < 1 is assumed. 
Suppose | a.2 + jh. I < 2. Then, 

<k%u\\h^l 
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where | CC\ + j3i | + 2s < \ (X\ + j8i | + 1 < k was taken into account. 

On the other hand let \a 2 + /3 2 | > 2. Then |oti + j5 t \ < k - 1 - \a 2 + J3 2 | < k - 4 holds 
and 

\{Auhf)\ < \\Hx-a)d%g e \\ \M*-*W%f\\iqm\\ h "t^ 

< \\8%hK?AY 

ul 

Now the proof of Lemma FOl is complete. 

Estimate of A 2 . We shall prove 
Lemma 4.5. Let < s < 1/2, y > -3/2, and 2s + y< 1. Then for k> 3,1 > 5/2 

l(A 2 ,^)|<||/||^ V6) . 

Proof. Firstly, we write 

A, / / B(M if -M'jFlG'dvJo 

JJM 3 xS 2 



: / / B(W t - W})(M* -M' t )FlG'dv*do 

JJr 3 xS 2 

B{M* -M' t )Fl(WtG)'dv*do 



tx 8 

and hence, putting H = h t , 

|(A 2 ,/^)| < /"/// B|^-W/| |M*-A<| |G|'| \H\dvdv,dadx 

B\M* -M'J\Fl\\(WeG)'\ \H\dvdv*dodx 

9 x§ 2 

= A 21 +A 22 . 

If € > 1, 

< iv-v'ii^-i+^i < | v' - 1 e | )t + | 
<<W)'*+w/| < e(wty,,w}, 

and knowing that \M\ < /x(v) 1 / 2 , we get 

A 2 i < //// b{cos9)e\v-v^ nl^KWfFyj \(W e G)'\\H\dvdv t dadx 

JJJJr^xS 2 

b (cos 9 ) 9 1 v - v* | r | (ju 1 /2 W e F) i 1 1 ( W^G) ' 1 1 # 1 rfw/v* c/ac/x 

>x§ 2 

= A 211 +A 212 . 
By the Schwarz inequality 

A?,, < //// 9- l - 2s \v-vJ 2r ii*\H\ 2 dvdv t .dadx 

JJJjR''xS 2 

KWiFVJ 2 |(W^G)'| 2 dvdv*<iadA: 

S 9 xS 2 

= hh- 

Using ( I4.6b vields 
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h<jj {v) 2 ^\H\ 2 dvdx < \\W r Hf = \\h?f r \\ 2 < ||^ || 2 , 
while by the change of variables (v, v t ) — > (V, v'^) 

h < JJ\{WcF)' ¥ \ 2 \{W e G)'\ 2 dvdv,dx 
\\W e F\\ 2 Ll \\W t G\\ 2 L} dx 
WWMx-a^yWl, Whff^dx 

Then, if \a x +j8i| < 2, 

h < \\W e Mx-a)dp*8 £ \\ 2 \\h^\\ 2 Hm) < \\g 
while if | Ofi H- jSi | > 2 so that |a 2 + j3 2 | < k- \a,\ + J3i| < k-2, 

h < \\WMx-a)d£g% m) \\hft < \\8%u (R3 y 
In conclusion, we obtained 

A^i<|k e ||^ (ffi6) ||^||. 

We turn to A 2 i 2 . Notice by the change of variables (v, v%) — > (V, v'*) an d by the Cauchy- 
Schwarz inequality and ( |4.6t that for y > —3/2, 

A 2 i 2 < //// d- 1 -^ -Vtf \(^ 2 W e FyMW e Gy\\H\dvdv,dadx 



1 "fl?(Z?) ~ ^ e \\ 4 H U m , 



>x3- 



0- 1_2 >- v*| r KjU 1/2 ^F)*| |(^G)||i/V^v*rfc7Jx 

6 xS 2 



9xS 2 



. 0-1-21 (/ \v-v*\Y\(iiV 2 WeF)*\dv^ \{WiG)\\H'\dvdadx 
< J \\F\\ Ll {JJ 9? ^ i d- l - 2s {vy\{W e G)\\H'\dvda}dx. 
By the regular change of variable v — >• v', 

A 212 < / llfc(^«)^VIL ? ll^f W^W^dx, 



the last integral of which is bounded, by the Sobolev embedding, by 

\Mx-a)d^\\,q^)\\h^\\ \\h a A < \\g%* f(R6) \\h^ || 
when |a 2 + j3 2 | < 2, and by 

||^(*-fl)^|| ll^jfll^) \\h^\\ < ||^||^ 1%6) E ||<f || 

1 ; \a'+P'\<k 

when |a 2 + /3 2 | > 2 for which |ai + /3i | < k - |a 2 + /3 2 | < k — 2. Thus we obtained 



|A 21 |< \\8%u m6] L ||<f 
"' v ' \a>+p>\<k 
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In remains to evaluate A 22 . First, an interpolation of the Taylor formula and the bound- 
edness \M\ < C yields 

\M*-Ml\ <C\v*-v'*\ x ^ce^iv-v*!* <C6 x \v' -vl\ x . 

Since s e (0, 1 /2) and y+2s < 1 are assumed, there is A £ (0, 1) such that A > 2s, y+X < 
1. Therefore after the change of variable (v,v*) — > (v',v*), 

A 2 2= ffff B\M*-M',\\Fl\\(W(G)'\\H\dvdv t dodx 
JJJJr 9 xS 2 

< [III e- 2 - 2s+l \v'-v' t \ r+l \Fl\\(W e Gy\\H\dvdv,dadx 

JJJJsPxS 2 

M9- 2 - 2s+l \v- v^ +x \F, 1 1 (W e G) I \H' \dvdv*dodx 
l 9 xS 2 

We shall check the two cases. 

(1) The case 7+ A > 0: Then, noting \v-v^ +x < (v)^ +A (v*y +x and using the regular 
change of variable v — > v', 



Al2 ~ //// 9 2 0- 2 - 2s+A |(W y+AJ F)*| \W t+y+x G\\H'\dvdv*dadx. 

< / ll WlF lk{/X 3xS2 " 2 " 2S+A m + iG\\H'\dvda}dx 

< J ll^ F|| L 2||W, + 1 G|| L 2||//|| i 2 t /x 



for £q > 1 + 3/2 = 5/2. By the Sobolev embedding applied separately as before to the 
cases |ai + j3i I < 2 and |ai + j3j I > 2, We finally obtain 

A22<U\\ 2 H U E ll<f'||- 
|ce'+j3'|<fc 

(2) The case 7+ X < 0: We shall use the following split of integral, 

A 2 2< ffff d- 2 - 2s+x \v-vJ r+x \FMW e G)\\H'\dvdv*dodx 

JJJJvPxS, 2 



= M2l +M22- 

v— v*|>l JJJJ\v— V*|<1 

The integral A221, since |v — v* < 1 holds, can be reduced to a special case of (1) with 
7+ A = 0, implying 

A 22 i< fill e- 2 - 2s+x \F,\\{W e G)\\H'\dvdv,dadx 



< 



for l\ > 3/2, and hence by the Sobolev embedding, 

< w^w 2 u \\h a A\ 



A 2 2i<||^||^II^TiH- 
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On the other hand 

A 2 22 < [[[[ d- 2 - 2s+x \v-v*\Y +x \F*\\(W e G)\\H'\dvdv*dadx 



< 



-2-2.v+A| f \v-v*Y +X \FJdv*\\{WeG)\\H'\dvdodx. 

WR3,|v-v,|<l > 



|V 

, v— v* <1 



'xS 2 WR 3 ,|v-v»|<l 

Clearly, if y+ A > —3/2, by the Cauchy-Schwarz inequality, 

■v*\? +x \F*\dv* 
<(( \v-v^ y +VdvX' 2 \\F\\ Ll <\\F\\ L u 

v,/M 3 ,|v-v*|<l ' ' ' 

so that we get again by the Sobolev embedding 



A222 < //// 6 ,-2-2.v+A| jP | \ WlG \\ H >\ dvdadx 

-III <-.6 x g2 v 



< 



< 



/ m.F^lWiGl^H^dx 



< J ||W, 1 «te(^-a)^]|^||/ i f' ft || Z 2||^ 1 || i 2^ 

<lk!ll*dlO 

Consequently, we have for both positive and negative 7 + A 



A 22 <lkf||^ I lift" 

"' |a'+jB'|<* 



+1 



Combine the above estimates to conclude the proof of Lemma |431 
This completes the proof of the part of Lemma 1331 for Si. 

4.2. Estimate of S2. Since |V0i(*)| <C(j>2(x), we have 

= 0! (* - a]WiV x df_^ - (v • V,fr (x - a))| |W^V, 
|S 2 | < ^1 (* — a)W%|y»d|!_i«* | + ^z(jc - a)W/+i |^«« | , 



whence 



(Zi,h"' P )\ <(\Mx- a)W t -iV x d$_ lg e \\ + \\<h(x ~ a)W^g e \\)\\h^ I 



< 



llsl^llO' 



which implies Lemma [3~3l for S 2 . 
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4.3. Estimate of E3. It holds that 

\E 3 \<\K[^(x-a)W e d^(v} 2 ]g e \ 

<KM*-")Wt(\v\\tf-ilf\ + \dp-2ff\ 

whence follows 

<K\\8^ H u\KfA 

This proves the part of Lemma [3~3l for S3, and hence we are done. 
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